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MINIMAL UNIVERSALITY CRITERION SETS ON THE
REPRESENTATIONS OF QUADRATIC FORMS
KYOUNGMIN KIM, JEONGWON LEE, AND BYEONG-KWEON OH
Abstract. For a set S of (positive definite and integral) quadratic forms
with bounded rank, a quadratic form f is called S-universal if it represents all
quadratic forms in S. A subset S0 of S is called an S-universality criterion set if
any S0-universal quadratic form is S-universal. We say S0 is minimal if there
does not exist a proper subset of S0 that is an S-universality criterion set.
In this article, we study various properties of minimal universality criterion
sets. In particular, we show that for ‘most’ binary quadratic forms f , minimal
S-universality criterion sets are unique in the case when S is the set of all
subforms of the binary form f .
1. Introduction
Let S be a set of (positive definite integral) quadratic forms with bounded rank.
A quadratic form f is called S-universal if it represents all quadratic forms in the
set S. A subset S0 of S is called an S-universality criterion set if any S0-universal
quadratic form is S-universal. Conway and Schneeberger’s 15-theorem [3] says that
the set t1, 2, 3, 5, 6, 7, 10, 14, 15u is an S-universality criterion set, where S is the set
of all positive integers (see also [1]). Note that any positive integer a corresponds
to the unary quadratic form ax2. For an arbitrary set S of quadratic forms with
bounded rank, the existence of a finite S-universality criterion set was proved by
the third author and his collaborators in [12].
An S-universality criterion set S0 is called minimal if any proper subset of S0
is not an S-universality criterion set. In [12], the authors proposed the following
two questions on the minimal universality criterion sets: Let ΓpSq be the set of all
S-universality criterion sets.
(i) For which S is there a unique minimal S0 P ΓpSq?
(ii) Is |S0| “ γpSq for every minimal S0 P ΓpSq? If not, when?
For the question (i), when S is the set of all quadratic forms of rank k, the unique-
ness of the minimal S-universality criterion set was proved by Bhargava [1] for the
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case when k “ 1, and by Kominers [13], [14] for the cases when k “ 2, k “ 8,
respectively (see also [9], [11], and [15]).
For the question (ii), Elkies, Kane, and Kominers [5] answered in the negative
for some special set S of quadratic forms. In fact, they considered the set Sf of
all subforms of the quadratic form fpx, y, zq “ x2 ` y2 ` 2z2. Clearly, the set tfu
itself is a minimal Sf -universality criterion set. They proved that any quadratic
form that represents both subforms x2 ` y2 ` 8z2 and 2x2 ` 2y2 ` 2z2 of f also
represents f itself. Therefore the set tx2 ` y2 ` 8z2, 2x2 ` 2y2 ` 2z2u is also a
minimal Sf -universality criterion set.
In this article, we prove that the question (i) is true if S is any set of positive
integers, that is, any set of unary quadratic forms. We also prove that minimal
Φn-universality criterion sets are not unique when Φn is the set of all quadratic
forms of rank n for any n ě 9. To analyze the example given by Elkies, Kane, and
Kominers more closely, we introduce the notion of a recoverable quadratic form. A
quadratic form f is called recoverable if minimal Sf -universality criterion sets are
not unique in the case when Sf is the set of all subforms of f . The third author and
his collaborators proved in [7] that any unary quadratic form is not recoverable. In
this article, we show that ‘most’ binary quadratic forms are not recoverable, and in
fact, there are infinitely many recoverable binary quadratic forms up to isometry.
The subsequent discussion will be conducted in the better adapted geometric
language of quadratic spaces and lattices. Throughout this article, we always as-
sume that every Z-lattice L “ Zx1`Zx2`¨ ¨ ¨`Zxk is positive definite and integral,
that is, the corresponding symmetric matrix
ML “ pBpxi, xjqq PMkˆkpZq
is positive definite and the scale spLq of the Z-lattice L is Z. The corresponding
quadratic map Q : L Ñ Z will be defined by Qpxq “ Bpx, xq for any x P L. For
any positive integer a, the Z-lattice obtained from L by scaling a will be denoted
by La. Hence we have MLa “ a ¨ML. The discriminant dL of the Z-lattice L will
be defined by dL “ detpMLq. We call L is diagonal if Bpxi, xjq “ 0 for any i and
j with i ‰ j. If L is diagonal, then we simply write
L “ xQpx1q, . . . , Qpxkqy.
We say L is even if Qpxq is even for any x P L.
If an integer n is represented by L over Zp for any prime p including infinite prime,
then we say that n is represented by the genus of L, and we write n Ñ genpLq. Note
that n is represented by the genus of L if and only if n is represented by a Z-lattice
in the genus of L. When n is represented by the Z-lattice L itself, then we write
n Ñ L. We define
QpLq “ tn P Z : n Ñ Lu.
For any positive integer n, The cubic Z-lattice In “ Ze1 ` Ze2 ` ¨ ¨ ¨ ` Zen is the
Z-lattice satisfying Bpei, ejq “ δij .
Any unexplained notation and terminology can be found in [10] or [16].
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2. Uniqueness of the minimal universality criterion set
In general, minimal S-universality criterion sets are not unique for an arbitrary
set S of quadratic forms with bounded rank. In this section, we prove that the
minimal S-universality criterion set is unique if S is any subset of positive integers.
Let N be the set of positive integers. For a positive integer k and a nonnegative
integer α, we define the set of arithmetic progressions
Ak,α “ tkn` α : n P NY t0uu.
If a Z-lattice L represents all elements in Ak,α, we simply write Ak,α Ñ L.
Proposition 2.1. Let S “ ts0, s1, s2, . . . u be a subset of N such that si ă si`1 for
any nonnegative integer i, and let k be a positive integer. If there is a Z-lattice ℓ
such that
s0, s1, . . . , sk´1 P Qpℓq and sk R Qpℓq,
then there is a Z-lattice L such that QpLq X S “ S ´ tsku.
Proof. First, we define
C “ t0 ď u ď sk`1 ´ 1 : Ask`1,u X tsk`1, sk`2, . . . u ‰ Hu “ tc1, c2, . . . , cvu,
and for each c P C, let spcq “ minpAsk`1,c X tsk`1, sk`2, . . . uq. We define
L “ ℓ K sk`1I4 K xspc1q, spc2q, ¨ ¨ ¨ , spcvqy.
Since sk`1 ą sk and spcjq ą sk for any j “ 1, 2, . . . , v, we see that sk is not
represented by L. Furthermore, for any integer a P tsk`1, sk`2, . . . u, there is a
nonnegative integerM and an integer j with 1 ď j ď v such that a “ sk`1M`spcjq.
Since M is represented by I4, the integer a is represented by L. The proposition
follows directly from this. 
Theorem 2.2. For any set S “ ts0, s1, s2, . . . u of positive integers, the minimal
S-universality criterion set is unique.
Proof. Without loss of generality, we may assume that si ă si`1 for any nonnegative
integer i. A positive integer si P S is called a truant of S if there is a Z-lattice
L such that L represents all integers in the set ts0, s1, . . . , si´1u, whereas L does
not represent si. Clearly, s0 is a truant of S. Let T pSq be the set of truants of
S. Then, by Proposition 2.1, any S-universality criterion set should contain T pSq.
Hence it suffices to show that T pSq itself is an S-universality criterion set. Let L be
a Z-lattice that represents all integers in T pSq. Suppose that L is not S-universal.
Let m be the smallest integer such that sm is not represented by L. Then, clearly,
sm is a truant of S, and hence sm P T pSq. This is a contradiction. Therefore, T pSq
is the unique minimal S-universality criterion set. 
Remark 2.3. As pointed out by [6], Bhargava also proved the above result. How-
ever, no proof of this has appeared in the literature to the author’s knowledge.
Let L be a Z-lattice of rank m. For any positive integer j less than or equal to
m, the j-th successive minimum of L will be denoted by µjpLq ( for the definition
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of the successive minimum, see Chapter 12 of [2]). It is well-known that there is a
constant γm, which is called the Hermite constant, such that
dL ď µ1pLqµ2pLq ¨ ¨ ¨µmpLq ď γ
m
mdL
(for the proof, see Proposition 2.3 of [4]). We define minpLq “ mintQpxq | x P
L´ t0uu. Note that minpLq “ µ1pLq.
Theorem 2.4. For any positive integer k, there is a subset S of positive integers
such that the cardinality of its minimal universality criterion set is exactly k.
Proof. Let L “ Zx1 ` Zx2 ` ¨ ¨ ¨ ` Zxk be a Z-lattice such that Qpxiq “ k ` i for
any i with 1 ď i ď k. If m is the rank of L, then we have m ď k and µmpLq ď 2k.
It follows from µ1pLq ď µ2pLq ď ¨ ¨ ¨ ď µmpLq that
dL ď µ1pLqµ2pLq ¨ ¨ ¨µmpLq ď p2kq
k.
Hence there are only finitely many candidates for L up to isometry since the dis-
criminant and the rank of L are bounded. Let tL1, L2, . . . , Ltu be the set of all
possible candidates for L. We define
S “ Xti“1QpLiq.
Then from the definition of S, it is obvious that tk ` 1, k ` 2, . . . , 2ku is an S-
universality criterion set.
Put M1 “ xk` 2y. Since k ` 1 is not represented by M1, there is a Z-lattice N1
such that QpN1qXS “ S´tk` 1u by Proposition 2.1. For each i “ 2, 3, . . . , k, put
Mi “ xk ` 1, . . . , k ` i´ 1y.
Then, one may easily show that k` j Ñ Mi for any j “ 1, . . . , i´ 1, whereas k` i
is not represented by Mi. Then, by Proposition 2.1 again, there is a Z-lattice Ni
such that QpNiq X S “ S ´ tk ` iu. This implies that tk ` 1, k ` 2, . . . , 2ku is the
minimal S-universality criterion set. 
Let Φn be the set of all Z-lattices of rank n. As explained in the introduction, it
is known that the minimal Φn-universality criterion set is unique if n “ 1, 2, or 8.
For all the other positive integers n, the explicit minimal Φn-universality criterion
set is not known yet.
Proposition 2.5. For any integer n with n ě 9, there are infinitely many minimal
Φn-universality criterion sets.
Proof. Let Φ0n “ tL1, L2, . . . , Lsu be a minimal Φn-universality criterion set. As-
sume that Li “ Iki K ℓi, where minpℓiq ě 2. If n0 “ maxtkiu ă n, then
In0 K ℓ1 K ¨ ¨ ¨ K ℓs represents all Z-lattices in Φ
0
n, but it does not represent
In. This is a contradiction. Therefore n0 “ n, that is, In P Φ
0
n. Similarly, one
may easily show that there is an integer j such that Lj represents Dmr1s for some
integer m ” 0 pmod 4q with n´ 4 ď m ă n. Note that Lj “ Dmr1s KM for some
Z-lattice M with rank less than or equal to 4. Without loss of generality, assume
that L1 “ In and L2 “ Dmr1s K M . Note that any Z-lattice that represents both
L1 and L2 should represent In K Dmr1s. Furthermore, since In is 4-universal, Lj
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cannot represent Dmr1s for any j ě 3. Now we show that for any Z-lattice N with
rank n´m,
Φ0npNq “ tIn, Dmr1s K N,L3, . . . , Lsu
is also a minimal Φn-universality criterion set. Assume that a Z-lattice L represents
all Z-lattices in Φ0npNq. Since In K Dmr1s is represented by L, L2 “ Dmr1s K M
is also represented by L. Therefore, L is n-universal from the assumption that Φ0n
is a Φn-universality criterion set. By using similar argument, one may easily show
that Φ0npNq is, in fact, minimal. 
Remark 2.6. We conjecture that"
I4, A4, A2 K A2, A2 K
ˆ
2 1
1 3
˙*
is the unique minimal Φ4-universality criterion set. Here, Am “ Zpe1´e2q`Zpe2´
e3q` ¨ ¨ ¨`Zpem´ em`1q is a root Z-lattice, where teiu is the standard orthonormal
basis of the cubic Z-lattice In.
3. Recoverable Z-lattices
In this section, we introduce the notion of recoverable Z-lattices and give some
properties on those Z-lattices, and we show some necessary conditions and some
sufficient conditions for Z-lattices to be recoverable.
In [5], Elkies and his collaborators gave an example of a set S of ternary Z-lattices
such that the sizes of minimal S-universality criterion sets vary. To explain their
example more precisely, let T be the set of all ternary sublattices of x1, 1, 2y. Then,
clearly, T0 “ tx1, 1, 2yu is a minimal T -universality criterion set. Furthermore, they
proved that
T1 “ tx1, 1, 8y, x2, 2, 2yu
is also a minimal T -universality criterion set. The point is that any Z-lattice that
represents both x1, 1, 8y and x2, 2, 2y, which are sublattices of x1, 1, 2y, also repre-
sents x1, 1, 2y itself. From this point of view, the following definition seems to be
quite natural:
Definition 3.1. Let ℓ be a Z-lattice and let S0 “ tℓ1, ℓ2, . . . , ℓtu be the set of
proper Z-sublattices of ℓ. We say ℓ is recoverable by S0 if any S0-universal Z-lattice
represents ℓ itself.
Note that the ternary Z-lattice x1, 1, 2y is recoverable by T1. We simply say ℓ is
recoverable if there is a finite set of proper sublattices satisfying the above property.
Note that if ℓ is recoverable, then there is a minimal S-universality criterion set
whose cardinality is greater than 1, where S is the set of all sublattices of ℓ.
Lemma 3.2. A Z-lattice ℓ is not recoverable if and only if there is a Z-lattice that
represents all proper sublattices of ℓ, but not ℓ itself.
Proof. Suppose that ℓ is not recoverable. Let S be the set of all proper sublattices
of ℓ and let S0 “ tℓ1, ℓ2, . . . , ℓtu be a minimal S-universality criterion set. Since
we are assuming that ℓ is not recoverable, there is a Z-lattice L that represents all
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Z-lattices in S0, whereas L does not represent ℓ itself. Now, since the set S0 is an
S-universality criterion set, L represents all proper sublattices of ℓ, but not ℓ itself.
The converse is trivial. 
Lemma 3.3. Let ℓ be a Z-lattice and let a be a positive integer. If ℓa is recoverable,
then so is ℓ.
Proof. Assume that ℓa is recoverable by tℓa1 , ℓ
a
2 , . . . , ℓ
a
t u, where ℓi is a proper sub-
lattice of ℓ for any i “ 1, 2, . . . , t. Let M be any Z-lattice that represents ℓi for
any i. Then ℓai Ñ M
a for any i, and hence ℓa Ñ Ma. Therefore ℓ Ñ M and ℓ is
recoverable by tℓ1, ℓ2, . . . , ℓtu . 
Remark 3.4. Any unary Z-lattice ℓ cannot be recoverable. Let ℓ “ x1y. Note
that x2, 2, 5y represents all squares of integers except for 1 (see [7]). Hence x2, 2, 5y
represents all proper sublattices of ℓ, but not ℓ itself. Therefore ℓ is not recoverable
by Lemma 3.2. Moreover, since every unary Z-lattice can be obtained from ℓ by a
suitable scaling, it is not recoverable by Lemma 3.3.
Remark 3.5. Note that the converse of the above lemma does not hold in general.
Let ℓ “ x1, 4y be the binary Z-lattice. Let L be any Z-lattice representing both
ℓ1 “ x1, 16y and ℓ2 “ x4, 4y. Since L represents ℓ1, there is a vector e1 P L and a
Z-sublattice L1 of L such that L “ Ze1 ` L1, where Qpe1q “ 1 and Bpe1, L1q “ 0.
Furthermore, since L represents ℓ2 “ x4, 4y, there are nonnegative integers a, b and
vectors x, y P L1 such that
Qpae1 ` xq “ a
2 `Qpxq “ Qpbe1 ` yq “ 4 and Bpae1 ` x, be1 ` yq “ 0.
If a “ 2, then x “ 0 and b “ 0. Hence x4y Ñ L1. If a “ 1, then
b “ 0 and Qpyq “ 4 or b “ 1, Qpxq “ Qpyq “ 3, and Bpx, yq “ ´1.
For the latter case, we have Qpx ` yq “ 4. Finally, if a “ 0, then Qpxq “ 4.
Therefore L1 represents 4 in any case, which implies that L represents ℓ. Hence ℓ
is recoverable by tℓ1, ℓ2u.
Now, we show that ℓ2 “ x2, 8y is not recoverable. To show this, let S be the
set of all binary Z-lattices with minimum greater than or equal to 9, and let S0 “
tm1, . . . ,mtu be a finite minimal S-universality criterion set. Then m1 K ¨ ¨ ¨ K mt
represents all binary Z-lattices with minimum greater than or equal to 9. Now, we
define
L “ K K m1 K ¨ ¨ ¨ K mt, where K “
¨
˚˝˚2 1 1 01 8 0 0
1 0 8 4
0 0 4 10
˛
‹‹‚.
Clearly, ℓ2 “ x2, 8y is not represented by L. We show that any proper sublattice
of ℓ2 is represented by L. Let ℓ3 be any proper sublattice of ℓ
2. If minpℓ3q ě 9,
then ℓ3 is represented by m1 K ¨ ¨ ¨ K mt. Hence we may assume that minpℓ3q “ 2
or 8. For the former case, we have ℓ3 » x2, 8m
2y for some integer m ě 2. Since
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x8m2y Ñ m1 K ¨ ¨ ¨ K mt, L represents ℓ3. For the latter case, one may easily check
that ℓ3 is isometric to one of the binary Z-lattices
x8, 2m2y and
ˆ
8 4
4 2` 8n2
˙
,
where m ě 2 and n ě 1. Note that K represents the binary Z-lattice ℓ3 for m “ 2
or n “ 1. If m ě 3 or n ě 2, then one may easily show that
x8, 2m2y Ñ x8, 8, 2m2´8y Ñ L or
ˆ
8 4
4 2` 8n2
˙
Ñ
ˆ
8 4
4 10
˙
K x8n2´8y Ñ L.
Therefore L represents all proper sublattices of ℓ2, but not ℓ2 itself. Consequently,
ℓ2 is not recoverable.
One may easily check that every additively indecomposable Z-lattice is not re-
coverable. We further prove that every indecomposable Z-lattice L with rank less
than 4 is not recoverable.
Proposition 3.6. Any indecomposable binary Z-lattice is not recoverable.
Proof. Let ℓ be an indecomposable binary Z-lattice. Let tx, yu be a Minkowski-
reduced (ordered) basis for ℓ, that is, 0 ď 2|Bpx, yq| ď Qpxq ď Qpyq. Let S be
the set of all proper sublattices of ℓ, and let S0 “ tℓ1, ℓ2, . . . , ℓtu be a minimal
S-universality criterion set. If we define L “ ℓ1 K ¨ ¨ ¨ K ℓt, then L represents all
proper sublattices of ℓ. Hence it suffices to show that L does not represent ℓ itself.
To do this, let ℓi “ Zxi`Zyi, where txi, yiu is a Minkowski reduced basis for ℓi for
any i “ 1, 2, . . . , t. Suppose on the contrary that there is a representation φ : ℓÑ L.
Since ℓi is a sublattice of ℓ for any i “ 1, 2, . . . , t, we may assume, without loss of
generality, that φpxq “ x1. Suppose that φpyq “ αx1 `βy1` z, where α, β P Z and
z P pZx2 ` Zy2q K ¨ ¨ ¨ K pZxt ` Zytq. Since ℓ is indecomposable, β cannot be zero.
Then, we have
dℓ “ dpφpℓqq “ dpZx1 ` Zpαx1 ` βy1 ` zqq ě dpZx1 ` Zpαx1 ` βy1qq ě dℓ1 ą dℓ,
which is a contradiction. Therefore L does not represent ℓ and hence, by lemma
3.2, the binary Z-lattice ℓ is not recoverable. 
Proposition 3.7. Any indecomposable ternary Z-lattice is not recoverable.
Proof. Suppose that there is a ternary Z-lattice, say L, that is recoverable. Then
there are proper sublattices L1, L2, . . . , Lt of L such that L is represented by L1 K
L2 K ¨ ¨ ¨ K Lt. Without loss of generality, we may assume that all Li’s are of rank
3. Let
φ : L Ñ L1 K L2 K ¨ ¨ ¨ K Lt
be a representation. Let tu, v, wu be a Minkowski reduced (ordered) basis for L.
Without loss of generality, we may assume that φpuq “ x1 P L1. Clearly, there
exists a Minkowski reduced basis for L1, say tx1, x2, x3u, containing x1. Assume
that
φpvq “ a1x1 ` x` y,
where a1 P Z, x P Zx2 ` Zx3 and y P L2 K ¨ ¨ ¨ K Lt.
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First, assume that x “ 0. Since
2|a1|Qpx1q “ 2|Bpx1, a1x1 ` yq| “ 2|Bpu, vq| ď Qpuq “ Qpx1q,
we have a1 “ 0. Put
φpwq “ b1x1 ` b2x2 ` b3x3 ` z,
where bi P Z for any i “ 1, 2, 3 and z P L2 K ¨ ¨ ¨ K Lt. Then, we have
φpLq “ Zx1 ` Zy ` Zpb1x1 ` b2x2 ` b3x3 ` zq.
If b3 ‰ 0, then
µ3pLq “ Qpb1x1 ` b2x2 ` b3x3 ` zq “ Qpb1x1 ` b2x2 ` b3x3q `Qpzq
ě µ3pL1q `Qpzq ě µ3pLq `Qpzq,
which implies that z “ 0. Hence, φpLq is decomposable, which is a contradiction.
Therefore, we have b3 “ 0. Observe that
L1 “ Zx1 ` Zx2 ` Zx3 Ď L “ Zu ` Zv ` Zw » φpLq
Then, b1x1 ` b2x2 “ αu` βv ` γw for some integers α, β and γ. If γ ‰ 0, then
µ3pLq “ Qpb1x1 ` b2x2q `Qpzq ě Qpwq `Qpzq “ µ3pLq `Qpzq.
This implies that z “ 0, which is a contradiction. Hence, b1x1 ` b2x2 “ αu ` βv.
Similarly, we have x1 “ α1u ` β1v for some integers α1 and β1. Since Qpx1q “
Qpuq and Bpu, vq “ 0, we have x1 “ ˘u and b1x1 ` b2x2 “ βv or x1 “ ˘v and
b1x1 ` b2x2 “ αu. In any case, φpLq is decomposable, which is a contradiction.
Finally, assume that x ‰ 0. Since
µ2pLq “ Qpvq “ Qpa1x1 ` x` yq “ Qpa1x1 ` xq `Qpyq
ě µ2pL1q `Qpyq ě µ2pLq `Qpyq,
we have y “ 0. Put
φpvq “ a1x1 ` a2x2 ` a3x3 and φpwq “ b1x1 ` b2x2 ` b3x3 ` z
where ai, bi P Z for any i “ 1, 2, 3 and z P L2 K ¨ ¨ ¨ K Lt. If b3 ‰ 0, then
µ3pLq “ Qpb1x1 ` b2x2 ` b3x3q `Qpzq ě µ3pL1q `Qpzq ě µ3pLq `Qpzq.
This implies that z “ 0. Then φpLq Ď L1, which is a contradiction. Hence, b3 “ 0.
Suppose that a3 ‰ 0. Since
µ2pLq “ Qpa1x1 ` a2x2 ` a3x3q ě µ3pL1q ě µ3pLq,
we have µ2pLq “ µ3pLq “ µ2pL1q “ µ3pL1q. Then, we have
µ2pLq “ µ3pLq “ Qpb1x1 ` b2x2 ` zq ě µ2pL1q `Qpzq “ µ2pLq `Qpzq.
This implies that z “ 0, which is a contradiction. Therefore a3 “ 0. Since a2 ‰ 0,
we have
µ2pLq “ Qpa1x1 ` a2x2q ě µ2pL1q “ Qpx2q ě µ2pLq.
This means that Qpa1x1 ` a2x2q “ Qpx2q. Let
Zx1 ` Zx2 “
ˆ
s r
r t
˙
.
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Then, we have
t “ a21s` 2a1a2r ` a
2
2t “ s
´
a1 `
ra2
s
¯2
` a22
ˆ
t´
r2
s
˙
ě a22
´
t´
s
4
¯
.
If |a2| ě 2, then t ě 4t´ s ą t, which is a contradiction. Hence, we have a2 “ ˘1.
Then φpLq “ Zx1 ` Zx2 ` Zz is decomposable, which is a contradiction. This
completes the proof. 
4. Recoverable binary Z-lattices
In this section, we focus on recoverable binary Z-lattices. We find some necessary
conditions and some sufficient conditions for binary Z-lattices to be recoverable.
Let n be a positive integer and let S be the set of all binary Z-lattices with
minimum greater than or equal to n. Then there is a finite minimal S-universality
criterion set Sn “ tm1, . . . ,mtu by [12]. If we define M “ m1 K ¨ ¨ ¨ K mt, then M
represents all binary Z-lattices with minimum greater than or equal to n. In this
section,Mpnq stands for a Z-lattice representing all binary Z-lattices with minimum
greater than or equal to n and minpMpnqq “ n. From the above argument, such a
Z-lattice always exists.
Proposition 4.1. Let a and b be positive integers such that 2 ď a ă b and a does
not divide b. Then the diagonal binary Z-lattice ℓ “ xa, by is not recoverable.
Proof. It suffices to show that there is a Z-lattice such that it represents all proper
sublattices of ℓ, whereas it does not represent ℓ itself. Let h be a positive integer
such that h2a ă b ă ph` 1q2a. For any h ě 2, we define a Z-lattice
Kphq “K 2ďiďh
1ďjďr i
2
s
ˆ
i2a ija
ija j2a` b
˙
.
Now, we define
Lphq “
#
pZx` Zyq KMpb` 1q if h “ 1,
pZx` Zyq K Kphq KMpb` 1q otherwise,
where Zx` Zy “
ˆ
a 1
1 b
˙
. We claim that Lphq represents all proper sublattices of
ℓ, whereas it does not represent ℓ itself.
First, we will prove that Lphq represents all proper sublattices of ℓ. Let ℓ1 be
a proper sublattice of ℓ. If minpℓ1q ą b, then Mpb ` 1q represents ℓ1 and so does
Lphq. If minpℓ1q “ b, then ℓ1 » xb, α2ay for some integer α with α2a ą b. Since α2a
is represented by Mpb` 1q, Lphq represents ℓ1. Now, assume that a ă minpℓ1q ă b.
Since 4a ď minpℓ1q, we have h ě 2. Furthermore, there are integers i, j, and β with
2 ď i ď h, 0 ď j ď
“
i
2
‰
and β ě 1 such that
ℓ1 »
ˆ
i2a ija
ija j2a` β2b
˙
.
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If β “ 1, then clearly ℓ1 Ñ Lphq. Assume that β ě 2. Since pβ2 ´ 1qb ą b, we have
ℓ1 »
ˆ
i2a ija
ija j2a` β2b
˙
Ñ
ˆ
i2a ija
ija j2a` b
˙
KMpb` 1q,
which implies that Lphq represents ℓ1. Finally, if minpℓ1q “ a, then ℓ1 » xa, β2by for
some integer β ě 2. Since β2b is represented by Mpb` 1q, Lphq represents ℓ1.
Next, we will show that Lphq does not represent ℓ. Clearly, Lp1q does not
represent ℓ. Assume h ě 2. For any i, j with 2 ď i ď h and 1 ď j ď
“
i
2
‰
, let
Kij “ Zz ` Zw “
ˆ
i2a ija
ija j2a` b
˙
.
Since
Qpsz ` twq “ psi` tjq2a` t2b ą a,
for any integers s and t, the binary Z-lattice Kij does not represent a. Suppose
that Qpsz ` twq “ b for some integers s and t. Since a does not divide b, we have
t2 “ 1 and si` tj “ 0. Furthermore, since j “ |si| ď
“
i
2
‰
, we have s “ j “ 0. This
is a contradiction. Hence Kij does not represent b for any possible integers i and
j. Therefore we have
(4.1) QpKphqq Ď ptma` nb | m,n P NY t0uu z ta, buq.
Suppose that Lphq represents ℓ. Let u P Lphq be a vector with Qpuq “ b. Then
u “ αx ` βy ` z ` w,
for some integers α, β and some vectors z P Kphq and w PMpb` 1q. Since
Qpuq “ Qpαx` βyq `Qpzq `Qpwq “ b and Qpwq ą b,
we have w “ 0. By (4.1), we have Qpzq “ 0 or Qpzq “ δa for some integer δ ě 2.
If |β| ě 2, then Qpαx ` βyq ě β2pb´ 1q ą b. If β “ 0, then Qpαxq is a multiple of
a, and so is Qpuq. Hence, we have |β| “ 1. This implies that
u “
#
˘px´ yq or ˘ y if a “ 2,
˘y if a ě 3.
Let v P Lphq be a vector with Qpvq “ a. Then v “ x or v “ ´x. Finally, we have
Bpu, vq ‰ 0, which is a contradiction. This completes the proof. 
Proposition 4.2. For any positive odd integer m, the diagonal binary Z-lattice
ℓ “ x1,my is not recoverable.
Proof. For a positive odd integer m, let ℓ “ x1,my be the diagonal Z-lattice. Since
x1y K Mp2q represents all proper sublattices of x1, 1y, but not x1, 1y itself, the
binary Z-lattice x1, 1y is not recoverable. Hence we may assume that m ě 3. Let N
be any quinary Z-lattice that represents all binary even Z-lattices. Note that such
a Z-lattice exists, for example, the root lattice D5 is one of such quinary Z-lattices
(see [8]). Define a Z-lattice
L “ x1y K N KMpm` 1q.
It is obvious that x1,my is not represented by L.
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Let ℓ1 be any proper Z-sublattice of ℓ. First, suppose that minpℓ1q “ 1. Then
ℓ1 » x1,mβ
2y for some integer β ě 2. Since xmβ2y Ñ Mpm` 1q, we have ℓ Ñ L.
Now, suppose that minpℓ1q ą 1. Then clearly, minpℓ1q ě 3. Choose a Minkowski
reduced basis for ℓ1 so that for some integers a, b, and c with 0 ď 2b ď a ď c such
that
ℓ1 »
ˆ
a b
b c
˙
.
Note that we are assuming that a ě 3. If a ” c ” 0 pmod 2q, then ℓ1 Ñ N and so
ℓ1 Ñ L. If a ” c ” 1 pmod 2q, then we define a Z-lattice
ℓ11 “
ˆ
a´ 1 b ´ 1
b´ 1 c´ 1
˙
.
Since dℓ11 ě
3
4
ac´c “ 3c
4
pa´ 4
3
q ą 0, the even Z-lattice ℓ11 is positive definite. Hence
ℓ11 Ñ N and therefore ℓ1 Ñ x1y K N Ñ L. If a ” 1 pmod 2q and c ” 0 pmod 2q,
then we define a Z-lattice
ℓ21 “
ˆ
a´ 1 b
b c
˙
.
Since dℓ21 “
`
ac
4
´ b2
˘
` c
4
p3a´ 4q ą 0, the even Z-lattice ℓ21 is positive definite.
Hence ℓ21 Ñ N and therefore ℓ1 Ñ x1y K ℓ
2
1 Ñ x1y K N Ñ L. Since the proof of
the case when a ” 0 pmod 2q and c ” 1 pmod 2q is quite similar to this, the proof
is left to the readers. 
Proposition 4.3. For any positive integer m with m ” 2 pmod 4q, the diagonal
binary Z-lattice ℓ “ x1,my is not recoverable.
Proof. For a positive integer m ” 2 pmod 4q, let ℓ “ x1,my be the diagonal Z-
lattice. Since x1, 1y K Mp3q represents all proper sublattices of x1, 2y, but it does
not represent x1, 2y itself, the binary Z-lattice x1, 2y is not recoverable. If we define
L “ x1y K
¨
˝4 0 20 5 1
2 1 7
˛
‚KMp7q,
then one may check that L represents all proper sublattices of x1, 6y, but it does
not represent x1, 6y itself. From now on, we assume that m ě 10. Define
L1m “ Zx` Zy ` Zz ` Zt “ x1, 3, 5,m´ 1y.
Let N be an even 2-universal quinary Z-lattice and let N be the Z-lattice obtained
from N by scaling the quadratic space QbN by 2. Hence N represents all binary
Z-lattices whose norm is contained in 4Z. Now, we define
Lm “ L
1
m K N KMpm` 1q.
We will show that any proper sublattice of ℓ “ x1,my is represented by Lm, whereas
ℓ itself is not represented by Lm. Suppose, on the contrary, that x1,my is repre-
sented by Lm. Then, one may easily check that
xmy ÝÑ x3, 5y K N .
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Hence we have m ” 3a2 ` 5b2 pmod 4q for some integers a and b, which is a
contradiction to the fact that m ” 2 pmod 4q.
Let ℓ “ Zu`Zv “ x1,my and let ℓ1 be any proper sublattice of ℓ. If minpℓ1q “ 1,
then ℓ1 » x1,mβ
2y for some integer β ě 2. Clearly, ℓ1 Ñ Lm. Assume that 1 ă
minpℓ1q ă m. Then there are integers a, b, and c such that ℓ1 “ Zpauq`Zpbu` cvq.
If |c| ě 2, then we have ℓ1 Ď Zu` Zpcvq “ x1, c
2my Ñ Lm. Hence we may assume
that ℓ1 “ Zpauq`Zpbu`vq, where the integers a and b satisfy a ě 2 and 0 ď b ă a.
Note that
ℓ1 “
ˆ
a2 ab
ab b2 `m
˙
.
First, assume that a ” b ” 0 pmod 2q. Sinceˆ
a2 ab
ab b2 `m´ 6
˙
Ñ N ,
we have ℓ1 Ñ x1, 5y K N Ñ Lm. Now, assume that a ” 0 pmod 2q and b ” 1
pmod 2q. Since ˆ
a2 ab
ab b2 `m´ 3
˙
Ñ N ,
we have ℓ1 Ñ x3y K N Ñ Lm. Assume that a ” b ” 1 pmod 2q. Let w P N be a
vector with Qpwq “ m´ 2. Then, we have
Zpx` y ` zq ` Zpy ` wq “
ˆ
9 3
3 1`m
˙
Ñ Lm.
Hence we may assume that a ě 5. Consider the following Z-lattice
ℓ11 “
ˆ
a2 ´ 9 ab´ 3
ab´ 3 b2 `m´ 3
˙
.
Since m ą a2, we have dpℓ11q ą 0. Hence ℓ
1
1 Ñ N . Therefore there are vectors
w1, w2 P N such that
ℓ11 » Zw1 ` Zw2 Ď N .
Then, we have
Zpx` y ` z ` w1q ` Zpy ` w2q “
ˆ
a2 ab
ab b2 `m
˙
.
This implies that ℓ1 is represented by Lm.
Finally, assume that a ” 1 pmod 2q and b ” 0 pmod 2q. If a “ 3, then b “ 0 or
2. If b “ 0, then
ℓ1 “ x9,my ÝÑ x1, 5,m´ 1y K N Ñ Lm.
If b “ 2, then we have
ℓ1 “
ˆ
9 6
6 m` 4
˙
»
ˆ
9 3
3 1`m
˙
Ñ Lm.
Now, assume that a ě 5. Consider the following Z-lattice
ℓ21 “
ˆ
a2 ´ 9 ab´ 4
ab´ 4 b2 `m´ 6
˙
.
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Since dpℓ21q ą 0, we have ℓ
2
1 Ñ N . Hence there are vectors w
1
1, w
1
2 P N such that
ℓ21 » Zw
1
1 ` Zw
1
2 Ď N .
Then, we have
Zpx` y ` z ` w11q ` Zp´x ` z ` w
1
2q “
ˆ
a2 ab
ab b2 `m
˙
.
Therefore, we have ℓ1 Ñ Lm.
If minpℓ1q “ m, then ℓ1 » xα
2,my for some integer α with α2 ą m. Hence, we
have ℓ1 Ñ x1,m ´ 1y K Mpm ` 1q Ñ Lm. Finally, if minpℓ1q ą m, then we have
ℓ1 Ñ Mpm` 1q Ñ Lm. This completes the proof. 
5. Recoverable numbers
From Propositions 3.6, 4.1, 4.2, and 4.3, one may conclude that if a binary Z-
lattice ℓ is recoverable, then ℓ “ xa, 4may for some positive integers a andm. In this
section, we focus on the case when a “ 1. A positive integer m is called recoverable
if the diagonal binary Z-lattice x1, 4my is recoverable. We prove that any square
of an integer is a recoverable number. We also prove that there are infinitely many
non square recoverable numbers.
Proposition 5.1. Any square of an integer is recoverable, that is, the diagonal
binary Z-lattice ℓ “ x1, 4m2y is recoverable for any integer m.
Proof. Let ℓ “ x1, 4m2y be the diagonal binary Z-lattice. Let S be the set of all
proper sublattices of ℓ. By Lemma 3.2, it suffices to show that any S-universal Z-
lattice represents ℓ itself. Let L be an S-universal Z-lattice. Since x1, 16m2y Ñ L,
we have L “ Ze1 K L
1 “ x1y K L1 for some Z-lattice L1. Since x4, 4m2y Ñ L, one
of the following holds:
(1) there is a vector y P L1 such that Zp2e1q ` Zy “ x4, 4m
2y;
(2) there are vectors x, y P L1 and an integer a such that
Zpe1 ` xq ` Zpae1 ` yq “ x4, 4m
2y;
(3) there are vectors x, y P L1 and an integer a such that
Zx` Zpae1 ` yq “ x4, 4m
2y.
If (1) holds, then Qpyq “ 4m2. Hence L represents ℓ. If (2) holds, then
Zx` Zy “
ˆ
3 ´a
´a 4m2 ´ a2
˙
.
Hence we haveQpax`yq “ 4m2. Therefore L represents ℓ. Finally, if (3) holds, then
we have Qpmxq “ 4m2. Therefore L represents ℓ. This completes the proof. 
Let L be the set of all isometry classes of binary Z-lattices and let L13 be the
set of all isometry classes of binary Z-lattices whose second successive minimum is
greater than or equal to 13. We define a map φ9 : L13 Ñ L by
φ9
ˆˆ
a b
b c
˙˙
“
ˆ
a b
b c´ 9
˙
,
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where
ˆ
a b
b c
˙
is a Minkowski-reduced form in the class so that 0 ď 2b ď a ď c.
Since
dpφ9pKqq “ ac´ b
2 ´ 9a “
´ac
4
´ b2
¯
`
3a
4
pc´ 12q ą 0,
the above map φ9 is well-defined.
Lemma 5.2. Let L be a Z-lattice and let K be a binary Z-lattice in L13. If φ
k
9pKq
is represented by L for some nonnegative integer k, then
K ÝÑ L K 9I5.
Here, 9I5 is the quinary Z-lattice obtained from the cubic lattice I5 by scaling the
quadratic space Qb I5 by 9.
Proof. Let L be a Z-lattice and let K be a binary Z-lattice in L13. Let
ˆ
a b
b c
˙
be
the Minkowski-reduced form in the isometry class of K. Note that 9I5 represents
all binary Z-lattices whose scale is contained in 9Z. We use an induction on k.
Suppose that φ9pKq is represented by L. Then, it is obvious that
K “
ˆ
a b
b c
˙
“
ˆ
a b
b c´ 9
˙
`
ˆ
0 0
0 9
˙
Ñ L K 9I5.
Suppose that the assertion is true for k. Assume that φk`19 pKq Ñ L. Let K
1 “
φ9pKq. Then φ
k
9pK
1q “ φk`19 pKq Ñ L. It follows from the induction hypothesis
that K 1 Ñ L K 9I5. This implies that
K 1 “
ˆ
a b
b c´ 9
˙
“
ˆ
α1 β1
β1 γ1
˙
`
ˆ
α2 β2
β2 γ2
˙
,
where
ˆ
α1 β1
β1 γ1
˙
Ñ L and
ˆ
α2 β2
β2 γ2
˙
Ñ 9I5. Since
ˆ
α2 β2
β2 γ2 ` 9
˙
Ñ 9I5, we
have
K “
ˆ
a b
b c
˙
“
ˆ
α1 β1
β1 γ1
˙
`
ˆ
α2 β2
β2 γ2 ` 9
˙
Ñ L K 9I5.
This completes the proof. 
Lemma 5.3. Any proper sublattice of x1, 1y is represented by both
L1 “ x1, 2, 3y K
ˆ
2 1
1 5
˙
K 9I5 and L2 “ x1, 2, 6y K
ˆ
2 1
1 5
˙
K 9I5.
Proof. Since the proof is quite similar to each other, we only provide the proof of
the first case. Let ℓ be any proper sublattice of x1, 1y.
One may directly check that the quinary Z-lattice x1, 2, 3y K
ˆ
2 1
1 5
˙
represents
all binary Z-lattices whose second successive minimum is less than or equal to 12
except for the following 15 binary Z-lattices:
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(5.1)
ˆ
1 0
0 1
˙
,
ˆ
1 0
0 6
˙
,
ˆ
2 1
1 2
˙
,
ˆ
2 1
1 3
˙
,
ˆ
2 1
1 4
˙
,ˆ
4 0
0 6
˙
,
ˆ
4 1
1 4
˙
,
ˆ
4 1
1 13
˙
,
ˆ
4 2
2 7
˙
,
ˆ
6 0
0 7
˙
,ˆ
6 0
0 10
˙
,
ˆ
6 3
3 7
˙
,
ˆ
6 3
3 10
˙
,
ˆ
7 1
1 10
˙
,
ˆ
10 2
2 10
˙
.
Note that the above 15 binary Z-lattices are not proper sublattices of x1, 1y. Hence
we may assume that µ2pℓq ě 13. Since µ2pφ9pℓqq ď maxtµ1pℓq, µ2pℓq ´ 9u, there
exists a positive integer k such that φk´19 pℓq P L13 and µ2pφ
k
9pℓqq ď 12. When
k “ 1, then we let φ09pℓq “ ℓ. If
φk9pℓq Ñ x1, 2, 3y K
ˆ
2 1
1 5
˙
,
then, by Lemma 5.2, we have
ℓ Ñ x1, 2, 3y K
ˆ
2 1
1 5
˙
K 9I5.
Hence, we may assume that φk9pℓq is isometric to one of 15 binary Z-lattices listed
in (5.1). Since dℓ is a square of an integer and dpφ9pℓqq “ dℓ ´ 9µ1pℓq, we see
that ord3pdpφ
k
9pℓqqq cannot be one. Hence φ
k
9pℓq is isometric to one of the following
Z-lattices: ˆ
1 0
0 1
˙
,
ˆ
2 1
1 3
˙
, and
ˆ
2 1
1 4
˙
.
Since φk´19 pℓq P L13 and
φ´19
ˆˆ
1 0
0 1
˙˙
“
"ˆ
1 0
0 10
˙
,
ˆ
2 1
1 10
˙
,
ˆ
5 2
2 10
˙
,
ˆ
10 3
3 10
˙*
,
φ´19
ˆˆ
2 1
1 3
˙˙
“
"ˆ
2 1
1 12
˙
,
ˆ
3 1
1 11
˙
,
ˆ
7 3
3 11
˙
,
ˆ
10 5
5 12
˙*
,
φ´19
ˆˆ
2 1
1 4
˙˙
“
"ˆ
2 1
1 13
˙
,
ˆ
4 1
1 11
˙
,
ˆ
8 3
3 11
˙*
,
we have
φk9pℓq »
ˆ
2 1
1 4
˙
and φk´19 pℓq »
ˆ
2 1
1 13
˙
.
One may check that
φk´19 pℓq »
ˆ
2 1
1 13
˙
Ñ x1, 2, 3y K
ˆ
2 1
1 5
˙
.
Hence, by Lemma 5.2, we have
ℓ ÝÑ x1, 2, 3y K
ˆ
2 1
1 5
˙
K 9I5.
This completes the proof. 
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Proposition 5.4. If m is a positive integer with ord3pmq “ 1, then m is not a
recoverable number.
Proof. Let m be a positive integer with ord3pmq “ 1. Then, we write m “ 3m
1
with m1 ” 1 or 2 pmod 3q. We define
Lm “
$’’’’’&
’’’’’%
x1, 2, 6, 4m´ 1y K
˜
2 1
1 5
¸
K 9I5 KMp4m` 1q if m
1 ” 1 pmod 3q,
x1, 2, 3, 4m´ 1y K
˜
2 1
1 5
¸
K 9I5 KMp4m` 1q if m
1 ” 2 pmod 3q.
Clearly, Lm does not represent x1, 4my. As in the proof of Lemma 4.3, it is enough
to show that Lm represents every proper sublattice of x1, 4my, which is of the formˆ
a2 ab
ab b2 ` 4m
˙
for some integers a and b with a ě 2 and 0 ď 2b ď a. By Lemma
5.3, we haveˆ
a2 ab
ab b2 ` 1
˙
Ñ x1, 2, 3y K
ˆ
2 1
1 5
˙
K 9I5 and x1, 2, 6y K
ˆ
2 1
1 5
˙
K 9I5,
which implies that ˆ
a2 ab
ab b2 ` 4m
˙
Ñ Lm.
This completes the proof. 
Proposition 5.5. Any integer m is a recoverable number if 4m is represented by
all of the following binary Z-latticesˆ
2 1
1 4
˙
,
ˆ
3 1
1 4
˙
,
ˆ
4 0
0 4
˙
,
ˆ
4 0
0 5
˙
,
ˆ
4 1
1 6
˙
,
ˆ
4 1
1 7
˙
,ˆ
4 0
0 8
˙
,
ˆ
4 1
1 8
˙
,
ˆ
4 2
2 8
˙
,
ˆ
4 0
0 9
˙
,
ˆ
4 1
1 9
˙
, and
ˆ
4 2
2 9
˙
.
Proof. Let L be any Z-lattice that represents all proper sublattices of x1, 4my. Since
x1, 16my Ñ L, we have L “ Ze1 K L
1 “ x1y K L1 for some Z-lattice L1. To prove
the proposition, it suffices to show that x1, 4my is represented by L, that is, 4m is
represented by L1.
Since x4, 4my Ñ L, one of the followings holds:
(1) there is a vector y P L1 such that Zp2e1q ` Zy “ x4, 4my;
(2) there are vectors x, y P L1 and an integer a such that
Zpe1 ` xq ` Zpae1 ` yq “ x4, 4my;
(3) there are vectors x, y P L1 and an integer a such that
Zx` Zpae1 ` yq “ x4, 4my.
If (1) or (2) holds, then 4m is represented by L1. Therefore we may assume that
(3) holds. Hence 4 is represented by L1.
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Now, note that x9, 4my is also represented by L. Similarly to the above, one may
easily show that 4m is represented by L1 or one of binary Z-lattices
ˆ
8 ´a
´a 4m´ a2
˙
and x9, 4m´ a2y is represented by L1. Hence 8 or 9 is represented by L1.
Suppose that L1 represents 4 and 8. Then L1 represents at least one of the
following binary Z-lattices:ˆ
4 0
0 8
˙
,
ˆ
4 1
1 8
˙
,
ˆ
4 2
2 8
˙
,
ˆ
4 3
3 8
˙
,
ˆ
4 4
4 8
˙
, and
ˆ
4 5
5 8
˙
.
Here, we haveˆ
4 3
3 8
˙
»
ˆ
4 1
1 6
˙
,
ˆ
4 4
4 8
˙
»
ˆ
4 0
0 4
˙
, and
ˆ
4 5
5 8
˙
»
ˆ
2 1
1 4
˙
.
Finally, suppose that L1 represents 4 and 9. Then L1 represents at least one of
the following binary Z-lattices:ˆ
4 0
0 9
˙
,
ˆ
4 1
1 9
˙
,
ˆ
4 2
2 9
˙
,
ˆ
4 3
3 9
˙
,
ˆ
4 4
4 9
˙
, and
ˆ
4 5
5 9
˙
,
Here, we haveˆ
4 3
3 9
˙
»
ˆ
4 1
1 7
˙
,
ˆ
4 4
4 9
˙
»
ˆ
4 0
0 5
˙
, and
ˆ
4 5
5 9
˙
»
ˆ
3 1
1 4
˙
.
Therefore, if 4m is represented by all of the above 12 binary Z-lattices, then 4m is
represented by L1. This completes the proof. 
Corollary 5.6. Let m ” 1 pmod 8q be a prime. If m is a quadratic residue modulo
q for any prime q P t3, 5, 7, 11, 23, 31u, then m is a recoverable number. In particu-
lar, any prime m ” 5569 pmod 3¨5¨7¨11¨23¨31q is a recoverable number. Therefore
there are infinitely many non square recoverable numbers.
Proof. Note that 4m is represented by all of 12 binary Z-lattices in Proposition 5.5
if and only if m is represented by all of the following binary Z-lattices
(5.2)
ˆ
1 0
0 1
˙
,
ˆ
1 0
0 2
˙
,
ˆ
1 1
2
1
2
2
˙
,
ˆ
1 1
2
1
2
3
˙
,ˆ
1 0
0 5
˙
,
ˆ
1 1
2
1
2
7
˙
,
ˆ
1 0
0 8
˙
,
ˆ
1 1
2
1
2
9
˙
, and
ˆ
1 0
0 9
˙
,
and furthermore, m is represented by both
(5.3) gen
ˆˆ
1 1
2
1
2
6
˙˙
and gen
ˆˆ
1 1
2
1
2
8
˙˙
.
As a sample, assume that 4m is represented by
ˆ
4 1
1 6
˙
. Then 2m is represented
by
ˆ
2 1
2
1
2
3
˙
. Assume that 2x2 ` xy ` 3y2 “ 2m for some integers x and y. Then
either x`y or y is even. If x`y “ 2z for some integer z, then 2x2´5xz`6z2 “ m.
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Hence m is represented by
ˆ
2 1
2
1
2
3
˙
. If y “ 2z, then x2 ` xz ` 6z2 “ m. Hence m
is represented by
ˆ
1 1
2
1
2
6
˙
. Note that
gen
ˆˆ
1 1
2
1
2
6
˙˙L
„“
"ˆ
1 1
2
1
2
6
˙
,
ˆ
2 1
2
1
2
3
˙*
.
Conversely, assume that m is represented by the genus of
ˆ
1 1
2
1
2
6
˙
. If m is repre-
sented by
ˆ
1 1
2
1
2
6
˙
, then we have
x4my Ñ
ˆ
4 2
2 24
˙
Ñ
ˆ
4 1
1 6
˙
.
If m is represented by
ˆ
2 1
2
1
2
3
˙
, then we have
x4my Ñ
ˆ
8 2
2 12
˙
»
ˆ
8 6
6 16
˙
Ñ
ˆ
8 3
3 4
˙
»
ˆ
4 1
1 6
˙
.
Hence 4m is represented by
ˆ
4 1
1 6
˙
if and only ifm is represented bygen
ˆˆ
1 1
2
1
2
6
˙˙
.
Note that 9 binary Z-lattices in (5.2) have class number 1. Therefore if m ” 1
pmod 8q is prime, and for any prime q P t3, 5, 7, 11, 23, 31u,m is a quadratic residue
modulo q, then one may easily check that m is represented by 9 binary Z-lattices
in (5.2) and by both genera in (5.3). This implies that m is a recoverable number
by Proposition 5.5. This completes the proof. 
Remark 5.7. We checked that any non square integer less than or equal to 35 is
not a recoverable number.
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